ABSTRACT. Let p and q be distinct primes. Consider the Shimura curve X associated to the indefinite quaternion algebra of discriminant pq over Q. Let J be the Jacobian variety of X , which is an abelian variety over Q. For an odd prime ℓ, we provide sufficient conditions for the non-existence of rational points of order ℓ on J. As an application, we find some non-trivial subgroups of the kernel of an isogeny from the new quotient of J 0 (pq) to J.
part of J 0 (pq)(Q) tor is also very difficult because the intersection of the p-old and q-old subvarieties has non-trivial ℓ-torsion points (cf. [16, Theorem 1] ).
In this paper, instead of studying the above conjecture, we consider the Jacobian variety J of the Shimura curve X associated to the quaternion algebra of discriminant pq over Q, which is isogenous to the new quotient of J 0 (pq). (cf. [15, Thèorème 2] .) Note that J is an abelian variety over Q of dimension g(X ), the genus of X . From now on, we always assume that g(X ) = 0. Let us remark that in the first part of the theorem, the assumption ℓ ≥ 5 is crucial. For instance, the case where p = 7 and q = 2 satisfies the two conditions above for ℓ = 3. However, the Jacobian J has rational torsion points of order 3. Therefore we need a stronger condition such as the non-divisibility of (p − 1)(q − 1) by 3 to prove the non-existence of rational torsion points of order 3 on J.
As an application of this theorem, we get information about the kernel of an isogeny between the new quotient of J 0 (pq) and J. More precisely, let J 0 (pq) new denote the new quotient of J 0 (pq), Ψ denote such an isogeny over Q, and K(pq) denote the kernel of Ψ:
. By his careful study of bad reduction of Shimura curves, Ogg [12] conjectured that the image of some cuspidal divisors in J 0 (pq) is contained in K(pq). In the case of low genus Shimura curves, this conjecture was proved by González and Molina [7] . More precisely, they found an equation of X in the case where g(X ) ≤ 3 and computed K(pq) by the consideration of bad reduction of X . Instead of finding an explicit equation of X to compute K(pq), we prove that K(pq) contains π(C ℓ (pq)) if ℓ satisfies certain conditions, where C ℓ (pq) is the ℓ-primary subgroup of C(pq). 
The organization of this article is as follows. In §2, we discuss all possible new Eisenstein maximal ideals of level pq. In §3, we give certain criteria on primes p and q for an Eisenstein ideal discussed in the previous section to be maximal. In §4, we study the structure of the kernels of Eisenstein maximal ideals on Jacobians. In §5, we deduce Theorem 1.2 from the above results. Finally, we prove Theorem 1.3 in §6. 
EISENSTEIN IDEALS IN T pq
From now on, we fix distinct primes p and q; and ℓ denotes an odd prime. Let T := T pq and I 0 := (T r − r − 1 : for primes r ∤ pq) be an Eisenstein ideal of T. (An ideal is called Eisenstein if it contains I 0 .)
Proof. Let w p and w q be the Atkin-Lehner involutions on J 0 (pq). Then U p + w p = 0 on the space of newforms (cf. [18, Proposition 3.7] ). Because Ψ is Hecke-equivariant (cf. [18, §4] ), U p and U q are also involutions on J.
Definition 2.2. We define some Eisenstein ideals as follows:
Moreover, we set m i := (ℓ, I i ). They are all possible Eisenstein maximal ideals in T by the above lemma.
Then it is a semi-local ring and we have:
Using the above description of Eisenstein maximal ideals, we prove the following. In this section, we discuss certain conditions on the primes p and q for which m i is maximal. By the Jacquet-Langlands correspondence, it suffices to show that m i is new maximal in T(pq) under the given assumption.
Proposition 2.3. The quotient T ℓ /I 0 decomposes as follows:
3.1. Maximality of m 1 .
Theorem 3.1. The ideal m 1 is maximal in T if and only if one of the following holds:
• If ℓ ≥ 5, the same method as above works and the result follows directly. . Since T is a quotient of T(pq) and the index of I in T(pq) is equal to n up to powers of 2 [22 
THE STRUCTURE OF J[m]
In this section, we discuss the structure of . In particular, we assume that q ≡ 1 (mod ℓ). 
We shall carry out a proof in several steps.
(1 
where X := X q (J 0 (q)) and δ p = p+1 T p T p p+1 ; and K (resp. C) is the kernel (resp. cokernel) of the map:
there is no Eisenstein ideal of level q containing ℓ. Therefore the first and second terms of the above exact sequence have no support at m.
• 
In other words, Y m is self-dual and free of rank 1 over T m , and hence T m is Gorenstein. (3) Step 3 : We show that J[m] is of dimension 2.
By Grothendieck [8] , there is an exact sequence:
(For details, see [14, §3.3] .) By taking projective limits, we have:
where Ta ℓ J is the ℓ-adic Tate module of J and Z ℓ (1) is the Tate twist of Z ℓ . Since T m is a direct factor of T ℓ , we have:
Since Y m is self-dual and free of rank 1 over T m , Ta . Therefore the argument in Step 1 works in this case as well. With our assumption on q, the arguments in Step 2 to 4 are also valid as above, and hence the result follows. In this section, we provide an application of our main theorem. As before, let J 0 (pq) new denote the new quotient of J 0 (pq), Ψ denote an isogeny from J 0 (pq) new to J, and K(pq) denote the kernel of Ψ: [12] conjectured that the image of some cuspidal divisors in J 0 (pq) is contained in K(pq). This conjecture was proved by González and Molina [7] if g(X ), the genus of X , is at most 3 . We prove some part of the conjecture by Ogg as follows: Proof. Let C p := [P 1 − P p ] and C q := [P 1 − P q ] be elements in C(pq), where P t is the cusp of X 0 (pq) corresponding to 1/t ∈ P 1 (Q).
Assume that ℓ ≥ 5. Let (p − 1)(q 2 − 1) = ℓ a × x and (q − Assume that ℓ = 3 and 3 does not divide (p − 1)(q − 1). Note that the order of C p (resp. C q ) is the numerator of (p−1)(q 2 −1) 3 (resp.
(q−1)(p 2 −1) 3 ) up to powers of 2. Thus, C 3 (pq) is isomorphic to Z/3 α Z ⊕ Z/3 β Z. Since the 3-primary subgroups of the rational torsion subgroups of J 0 (pq) old and J are zero, K(pq) contains π(C 3 (pq)), which is isomorphic to Z/3 α Z ⊕ Z/3 β Z.
Remark 6.2. Let p and q be distinct primes with p < q and let S be the set of pairs (p, q) such that g(X ) ≤ 3. Let S ℓ be the subset of S consisting of the pairs (p, q) satisfying the two conditions above for ℓ ≥ 5. Similarly, let S 3 be the subset of S consisting of the pairs (p, q) such that 3 does not divide (p − 1)(q − 1). The following table describes
